We study network models applied to two aircraft routing problems, one in which the goal is to route strike aircraft to a target and back so as to minimize losses and one in which the goal is to route civilian traffic around an airport so as to minimize noise exposure to the population. We propose joint routing as our model: find a required number of time-disjoint routes in a network that minimizes the total cost. We show that joint routing can in turn be modelled as a dynamic network flow problem. We study this problem under several variants and on different types of networks, establishing tight bounds on the running time of exact solutions through applications of both existing and some new methods. We also discuss the modelling of the airspace in which the routing takes place and how choices affect the performance of our optimization algorithms. Our model extends to other applications, such as the routing of hazardous materials and of secure communicant ions.
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INTRODUCTION
Aircraft routing requires the generation of non-colliding, time-dependent routes through a specified airspace.
Constraints may include forbidden regions, required waypoints, flight corridors (in civilian aviation), and time windows through various regions. We study two variants of the problem:
(i) planning strike missions to destroy selected targets in the presence of enemy threats, where the objective is to maximize payoff and (ii) routing civilian aircraft around an airport, where the objective is to minimize the noise exposure of the local population.
Our model, which we call~otnt routing, extends to other applications, including some where the objects routed are not aircraft and may in fact stop en route, such as the design of transport routes for hazardous materials and that of secure communicant ions within a network. In joint routing, we model the airspace as a network and seek a collection of routes through the network with the following characteristics: (i) the aircraft are in constant motion; (ii) the aircraft do not collide;
(iii) the aircraft all reach their destination; and (iv) the collection of routes optimizes the chosen objective.
We show that joint routing can be modelled as flow within a space-time network, an application of the dynamic network flow technique of Ford and Fulkerson (1958) . Since dynamic network flow is very expensive, we present a careful analysis of the running time of our algorithms, including a discussion of the effect of network design on their performance.
A number of related problems appear in the operations research literature, not ably the vehicle routing and scheduling problems and other transportation problems:
surveys include Bielli et al. (1982) and Solomon (1988) , while a recent issue of Operations Research (1993) was devoted to the problem of aircraft scheduling and routing. Of all these models, however, only one closely resembles the aircraft routing problems just described: the dynamic traffic assignment problem as modelled through flow in a space-time network (Zawack  and Thompson 1987 (1993) .
THE PROBLEM
A formal statement of our problem (in its basic version) can be written as follows.
q Given a graph with two distinguished vertices, a sink and a source, and where each edge has an associated cost, route aircraft from the source to the sink, subject to the constraints:
1. aircraft are initially placed at the source;
2. at each step, every aircraft crosses an edge of the graph (no aircraft can stop at a vertex for one or more steps);
3. both edges and vertices have unit capacities (so that aircraft cannot collide at vertices or along edges).
The goal is to find a least-cost routing for a given number of aircraft.
A key assumption underlying the problem is that aircraft and parameters are uniform. In the absence of such uniformity, the problem is generally A@-hard. We observe that dynamic network flow can be used to solve the basic version of our joint routing problem, where costs are absent and the objective is simply to route as many aircraft as possible through the network.
Theorem, 2. Routing as many aircraft as possible from the source to the sink in T time units while avoiding collisions is equivalent to solving a dynamic network flow problem (in which flow cannot be stored at nodes) on a network with vertices of unit capacity.
Our earlier discussion establishes the correctness of this theorem; we are not aware of any previous statement of it, although uses of dynamic network flow in vehicle routing and aircraft scheduling offer a close parallel, 4 THE SPACE-TIME NETWORK
The graph generated by the reduction described in the previous section has a very constrained structure; in particular, when flow must leave each node immediately, the result is a directed acyclic graph where each node other than the supersink is at a well-defined distance from the source so (i.e., any path from so to the node traverses the same number of arcs Consider the state of the system during the first n steps; if, at the end of n steps, one of the objects has reached the sink, then the problem reduces to routing n -1 objects through the network and the conclusion follows by strong induction.
If no object has reached the sink by step n, then there must exists some index i < n at which the object closest to the sink (in terms of the number of edges along a shortest path to the sink) is n -i edges away from it. Pick the largest such index: the object closest to the sink can now safely be moved directly to the sink along the shortest path, since no other object can collide with it along that path; the other objects are moved as in the original sequence. The new sequence now sends at least one object to the sink in n steps without collision, reducing the problem to the first case. 
